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Part I

Terms of sequences
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Section 1

General sequences

1.1 Notation

The n-th term of a sequence is denoted Tn.
V Important note

Find:

(a) the first five terms (b) the formula for the n-th term

of the sequence defined by

T1 = 1 Tn =
n− 1

n
Tn−1

for n ≥ 2. Answer: Tn = 1

n

� Example 1
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6 General sequences – Notation

[Ex 6C Q10]

(a) Find whether 11
2
and 96 are members of the sequence Tn = 3

32
× 2n, and if so,

what terms they are.

(b) Find the first term in this sequence which is greater than 10.

� Example 2

[Ex 6C Q13] A sequence satisfies Tn =
1

2
(Tn−1 + Tn+1) with T1 = 3 and T2 = 7.

Find T3 and T4.

� Example 3

2 Ex 8A (Pender et al., 2009)

• Q1-2 last column

• Q3-5 (e) onwards

• Q6-11

X1 Ex 6C (Pender et al., 1999)

• Q2-15

Î Further exercises

The Exponential Function NORMANHURST BOYS’ HIGH SCHOOL



Section 2

Terms of arithmetic sequences

An arithmetic sequence (or arithmetic progression, AP) is defined by

Tn − Tn−1 = d
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

for n ≥ 2, where d is a constant, known as the common difference.

� Definition 1

T1 is given the symbol a.
V Important note

2.1 Derivation of Tn formula

• T1 = a

• T2 = T1 + d. . = a+ d. . . . . . . . . . .

• T3 = T2 + d. . = a+ 2d. . . . . . . . . . . . .

• T4 = T3 + d. . = a+ 3d. . . . . . . . . . . . .
...

F The n-th term of an arithmetic sequence is

Tn = a+ (n− 1)d
. . . . . . . . . . . . . . . . . . . . . . . . . .

© Laws/Results
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8 Terms of arithmetic sequences – Proof of arithmetic sequence

2.2 Proof of arithmetic sequence

Condition for AP: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .T3 − T2 = T2 − T1

V Important note

Show that the sequence 200, 193, 186, . . . is an AP. Then find a formula for the n-th
term, and find the first negative term. Answer: T30 = −3

� Example 4

Show that log5 6, log5 12, log5 24 is an AP.
� Example 5

The Exponential Function NORMANHURST BOYS’ HIGH SCHOOL



Terms of arithmetic sequences – Other examples 9

2.3 Other examples

The third term of an AP is 16, and the 12th term is 79. Find the 41st term.
Answer: 282

� Example 6

2 Ex 8B (Pender et al., 2009)

• Q2-5, 11-12 last 2 columns

• Q6-10, 13-19

X1 Ex 6D Pender et al. (1999)

• Q1-14, last column

Î Further exercises

NORMANHURST BOYS’ HIGH SCHOOL The Exponential Function



Section 3

Terms of geometric sequences

A geometric sequence (or geometric progression, GP) is defined by

Tn

Tn−1

= r

. . . . . . . . . . . . . . . . . . . .

for n ≥ 2, where r is a constant, known as the common ratio.

� Definition 2

3.1 Derivation of Tn formula

1. T1 = a

2. T2 = T1 × r. . = ar. . . .

3. T3 = T2 × r. . = ar2. . . . . . .

4. T4 = T3 × r. . = ar3. . . . . . .
...

³ Steps

F The n-th term of a geometric sequence is

Tn = arn−1
. . . . . . . . . . . .

© Laws/Results
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Terms of geometric sequences – Proof a geometric sequence 11

3.2 Proof a geometric sequence

Condition for GP: . . . . . . . . . . . . . . . . .
T3

T2

=
T2

T1

V Important note

Find the value(s) of x such that 3, x+ 4 and x+ 10 form:

(a) arithmetic (b) geometric

sequence. Answer: (a) x = 5 (b) x = 2 or −7

� Example 7

NORMANHURST BOYS’ HIGH SCHOOL The Exponential Function



12 Terms of geometric sequences – Other examples

3.3 Other examples

Find the first term a and the common ratio r of a GP where the fourth term is 30
and the sixth term is 480. Answer: r = ±4, a = ± 15

32

� Example 8

(a) Show that the sequence whose terms are 1 000, 400, 160. . . form a GP, and
then find the formula for the n-th term.

(b) Find the first term less than 1
1 000

.

Answer: (a) Show (b) T17

� Example 9

The Exponential Function NORMANHURST BOYS’ HIGH SCHOOL



Terms of geometric sequences – Other examples 13

[2008 2U] The zoom function in a software package multiplies the dimensions of
an image by 1.2. In an image, the height of a building is 50 mm. After the zoom
function is applied once, the height of the building in the image is 60 mm. After a
second application, its height is 72 mm.

(i) Calculate the height of the building in the image after the zoom
function has been applied eight times. Give your answer to the nearest
mm.

2

(ii) The height of the building in the image is required to be more than
400 mm. Starting from the original image, what is the least number
of times the zoom function must be applied?

2

� Example 10

2 Ex 8C/D (Pender et al., 2009)

• Ex 8C: Q2-5, 9-11 last 2 columns,
Q6-8, 12-17

• Ex 8D: Q1-3, 15 last 2 columns,
Q4-14

X1 Ex 6E (Pender et al., 1999)

• Q1-20, last column

Î Further exercises

NORMANHURST BOYS’ HIGH SCHOOL The Exponential Function



Part II

Series: sums of sequences
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Section 4

Sums of general sequences

4.1 Sigma notation

Sum of terms from ordinal k to ordinal ℓ.

n=ℓ∑

n=k

Tn = Tk + Tk+1 + Tk+2 + · · ·+ Tℓ−2 + Tℓ−1 + Tℓ

� Definition 3

Evaluate
5∑

k=1

k.

� Example 11

[Ex 6G Q1(b)] Evaluate
5∑

n=1

n2

� Example 12

15



16 Sums of general sequences – Sigma notation

Evaluate
7∑

n=4

(5n+ 1) Answer: 114

� Example 13

Evaluate
5∑

n=1

3× (−2)n Answer: −66

� Example 14

Express
1

4
+

1

6
+

1

8
+

1

10
+

1

12
in sigma notation.

� Example 15

Ex 6G (Pender et al., 1999)
• Q1 last 3 columns • Q2-3

Î Further exercises

The Exponential Function NORMANHURST BOYS’ HIGH SCHOOL



Sums of general sequences – Partial sums 17

4.2 Partial sums

The n-th partial sum of a sequence

Sn = T1 + T2 + T3 + · · ·+ Tn

� Definition 4

M To recover the n-th term from a sum,

Sn = Sn−1. . . . . . . . . .
+ Tn. . . . .

Rearrange to find Tn

V Important note

Given Sn = n2, find a formula for the n-th term.

� Example 16

2 Ex 8E (Pender et al., 2009)

• Q1-4 last column

• Q8-10

X1 Ex 6H (Pender et al., 1999)

• Q3, 4, 7

• Q8 last 2 columns

Î Further exercises

NORMANHURST BOYS’ HIGH SCHOOL The Exponential Function



Section 5

Arithmetic Series

5.1 Derivation of Sn formula

1. Sum to n terms:

Sn = T1 + T2 + · · ·+
ℓ

︷︸︸︷

Tn

= a+ (a+ d) + · · ·+ (ℓ− d) + ℓ
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

2. Reverse the sum:

Sn = Tn + · · ·+ T2 + T1

= a+ (a+ d) + · · ·+ (ℓ− d) + ℓ
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

3. Add the two sums: 4. Given ℓ is also Tn:

³ Steps

18



Arithmetic Series – Derivation of Sn formula 19

F The sum of an arithmetic progression to n terms:

Sn =
n

2
(a+ ℓ)

. . . . . . . . . . . . . . . . .

=
n

2
(2a+ (n− 1)d)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

© Laws/Results

NORMANHURST BOYS’ HIGH SCHOOL The Exponential Function



20 Arithmetic Series – Examples

5.2 Examples

Add up all the integers from 100 to 200 inclusive. Answer: 15 150

� Example 17

(a) Given the AP 40 + 37 + 34 + · · · , find S10.

(b) What is the first negative partial sum?

Answer: S28 = −14.

� Example 18

The sum of the first ten terms of an AP is zero, and the sum of the first and second
terms is 24. Find the first three terms. Answer: 27

2
, 21

2
, 15

2

� Example 19

The Exponential Function NORMANHURST BOYS’ HIGH SCHOOL



Arithmetic Series – Examples 21

[Ex 6I Q8(f)] Find the sum
√
12 +

√
27 +

√
48 + · · ·+ 21

√
3. Answer: 230

√
3

� Example 20

[Ex 6I Q12(c)] Find the sum of logb 36 + logb 18 + logb 9 + · · · logb
9

8
.

Answer: 3 (4 logb 3− logb 2)

� Example 21

The first term of an arithmetic sequence is 5. The ratio of the sum of the first four
terms to the sum of the first ten terms is 8 : 35. Find the common difference.

Answer: d = 2

� Example 22

NORMANHURST BOYS’ HIGH SCHOOL The Exponential Function



22 Arithmetic Series – Examples

[2012 2U] Jay is making a pattern using triangular tiles. The pattern has 3 tiles in
the first row, 5 tiles in the second row, and each successive row has 2 more tiles than
the previous row. Answer: 13 complete rows

1UESTION฀��฀

�

�฀

�

Row 1 

Row 2 

Row 3 

�฀

�฀

�฀

1UESTION฀��฀CONTINUES฀ON฀PAGE฀�฀

(i) How many tiles would Jay use in row
20?

2

(ii) How many tiles would Jay use altogether
to make the first 20 rows?

1

(iii) Jay has only 200 tiles.

How many complete rows of the pattern
can Jay make?

2

� Example 23

The Exponential Function NORMANHURST BOYS’ HIGH SCHOOL



Arithmetic Series – Examples 23

[2000 2U] (6 marks) In the construction of a 5 km expressway a truck delivers
materials from a base. After depositing each load, the truck returns to the base to
collect the next load. The first load is deposited 200 m from the base, the second 350
m from the base, the third 500 m from the base. Each subsequent load is deposited
150 m from the previous one. Answer: (i) 2 300m (ii) 33 (iii) 171.6 km

(i) How far is the fifteenth load deposited from the base?

(ii) How many loads are deposited along the total length of the 5 km expressway?
(The last load is deposited at the end of the expressway.)

(iii) How many kilometres has the truck travelled in order to make all the deposits
and then return to the base?

� Example 24

NORMANHURST BOYS’ HIGH SCHOOL The Exponential Function



24 Arithmetic Series – Examples

[1996 2U] (5 marks) A venetian blind consists of twenty-five slats, each 3 mm thick.
When the blind is down, the gap between the top slat and the top of the blind is 27
mm and the gap between adjacent slats is also 27mm, as shown in the first diagram.

Answer: Total: 8 775mm

27 mm

27 mm

3 mm

When the blind is up, all the slats are stacked at the top with no gaps, as shown in
the second diagram.

(i) Show that when the blind is raised, the bottom slat rises 675 mm.

(ii) How far does the next slat rise?

(iii) Explain briefly why the distances the slats rise form an arithmetic sequence.

(iv) Find the sum of all the distances that the slats rise when the blind is raised.

� Example 25

The Exponential Function NORMANHURST BOYS’ HIGH SCHOOL



Arithmetic Series – Examples 25

[2014 Independent Q14] Felicity receives a money box on the day she’s born.

Her parents decide that each month, on the 1st of the month, they will deposit
money into her money box and give her this money on her 21st birthday.

The first month they deposit $10 into the money box.
The second month they deposit $20, the third month they deposit $30.
Each month they deposit $10 more into the money box than they did the month
before. Answer: (i) 252 (ii) $2 520 (iii) $318 780

(i) How many times over the 21 years will Felicity’s parents deposit money
into her money box?

1

(ii) How much will be deposited into the money box in the month of her
21st birthday?

2

(iii) How much will Felicity receive from her parents on her 21st birthday? 2

� Example 26

NORMANHURST BOYS’ HIGH SCHOOL The Exponential Function



26 Arithmetic Series – Examples

[2014 CSSA 2U] A percussionist is experimenting with designs for a xylophone. It
is to be symmetrical in shape as shown in the diagram.

The shortest wooden bar is to be 10 cm long and the consecutive bars will differ in
length by b cm. The total length of all the wooden bars is S cm. Let the number of
wooden bars be 2n+ 1. Answer: 21

(i) Show that S = bn2 + 20n+ 10 2

(ii) Given that S = 360 cm and b = 1.5 cm, find the number of wooden
bars.

2

� Example 27

2 Ex 8F (Pender et al., 2009)

• Q1-8 last column

• Q9, 11-16

X1 Ex 6I (Pender et al., 1999)

• Q2-5 last column

• Q6-16 even #

Î Further exercises

The Exponential Function NORMANHURST BOYS’ HIGH SCHOOL



Section 6

Geometric Series

6.1 Derivation of Sn formula

1. Sum to n terms:

Sn = a+ ar + ar2 + · · ·+ arn−1
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6.1)

2. Multiply by r:

rSn = a+ ar2 + · · ·+ arn−1
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6.2)

3. Subtract (6.1) from (6.2):

4. Factorise, and change subject to Sn:

³ Steps

F The sum of a geometric progression to n terms:

Sn =
a (rn − 1)

r − 1. . . . . . . . . . . . . . . . . . . .
=

a (1− rn)

1− r. . . . . . . . . . . . . . . . . . . .

© Laws/Results

27



28 Geometric Series – Examples

6.2 Examples

Find the sixth partial sum of the GP 2− 6 + 18− · · · Answer: −364

� Example 28

How many terms of the GP 2+6+18+ · · · must be taken for the sum to exceed one
billion? Answer: 19

� Example 29

The Exponential Function NORMANHURST BOYS’ HIGH SCHOOL



Geometric Series – Examples 29

[2016 2U] (2 marks) By summing the geometric series 1 + x + x2 + x3 + x4 or

otherwise, find lim
x→1

x5 − 1

x− 1
.

� Example 30

! Good setting out is crucial!

[2011 2U] The number of members of a new social networking site doubles every
day. On Day 1 there were 27 members and on Day 2 there were 54 members.

(i) How many members were there on Day 12? 1

(ii) On which day was the number of members first greater than 10 million? 2

(iii) The site earns 0.5 cents per member per day. How much money did the
site earn in the first 12 days? Give your answer to the nearest dollar.

2

� Example 31

NORMANHURST BOYS’ HIGH SCHOOL The Exponential Function



30 Geometric Series – Examples

[2011 NEAP 2U] The spiral below is formed by connecting semicircles of increasing
radii. Answer: (i) Show (ii) 1 984π

b

(i) Show that the length of this spiral generates the geometric series:

π

n∑

k=1

2k−2 =
π (2n − 1)

2

if the length of the first and second semicircles are
π

2
and π respectively.

2

(ii) Calculate the length of the spiral between the start of the 8th and the
end of the 12th semicircles.

2

� Example 32

The Exponential Function NORMANHURST BOYS’ HIGH SCHOOL



Geometric Series – Examples 31

[2013 2U] ! Kim and Alex start jobs at the beginning of the same year. Kim’s
annual salary in the first year is $30 000, and increases by 5% at the beginning of
each subsequent year. Alex’s annual salary in the first year is $33 000, and increases
by $1 500 at the beginning of each subsequent year. Answer: (i) Show (ii) $377 336.78

(iii) n = 7

(i) Show that in the 10th year Kim’s annual salary is higher than Alex’s
annual salary.

2

(ii) In the first 10 years how much, in total, does Kim earn? 2

(iii) Every year, Alex saves
1

3
of her annual salary. How many years does

it take her to save $87 500?

3

� Example 33

2 Ex 8G (Pender et al., 2009)

• Q3-5 last column

• Q7-8, 10-12

X1 Ex 6J (Pender et al., 1999)

• Q3-4 last column

• Q5

• Q6-7 last column

• Q9-17 odd #

Î Further exercises

NORMANHURST BOYS’ HIGH SCHOOL The Exponential Function



Section 7

Limiting sum

7.1 Existence of a limiting sum

A frog is about to jump over a river that is 10m wide. The first jump it can make is
5m (where there will be an object to help it stay above water), and each subsequent
jump it can only jump half as much as the previous jump.

Will the frog get across the river by jumping?

� Example 34

M A geometric series will converge to a limit (known as the limiting sum) iff

. . . . . . . . . . . . . . . . . . . . . . . .−1 < r < 1

© Laws/Results

32



Limiting sum – Derivation of formula 33

7.2 Derivation of formula

1. Sum of a geometric series:

Sn =
a (1− rn)

1− r. . . . . . . . . . . . . . . . . . . .

2. If |r| < 1, then 1− rn > 0. Take limit as n → ∞ : F

³ Steps

7.3 Examples

Explain why 2 +
√
2 + 1 + · · · has a limiting sum. Find the sum. Answer: 4 + 2

√
2

� Example 35

[2013 Independent 2U] Kevin has started an exercise program to lose weight.
When he started the program he weighed 105 kg. In the first month he lost 5 kg, in
the second month he lost 4 kg and in the third month he lost 3.2 kg. If this weight
loss trend continues Answer: (i) 2.56 kg (ii) 80 kg

(i) how much will Kevin lose in the fourth month? 1

(ii) what will be his ultimate weight? 3

� Example 36

NORMANHURST BOYS’ HIGH SCHOOL The Exponential Function



34 Limiting sum – Examples

[2010 NSB Prelim Ext 1 Yearly] Answer: (i) −2 < x < −1 (ii) S = 2x+3

−2x−2

(i) X1 For what values of x does this series have a limiting sum?

2x+ 3 + (2x+ 3)2 + (2x+ 3)3 + · · ·

2

(ii) Find that limiting sum in terms of x. 1

� Example 37

[2003 CSSA 2U] Consider the series sin2 x+ sin4 x+ sin6 x+ · · · , 0 < x < π

2
.

(i) Show that a limiting sum exists. 1

(ii) Find the limiting sum, expressing your answer in simplest form. 2

� Example 38

[2011 Independent 2U] (3 marks) Find the value of x if

∞∑

n=0

9

xn+1
= 18

Answer: x = 3

2

� Example 39

The Exponential Function NORMANHURST BOYS’ HIGH SCHOOL



Limiting sum – Examples 35

[1998 2U] A ball is dropped from a height of 2 metres onto a hard floor and bounces.
After each bounce, the maximum height reached by the ball is 75% of the previous
maximum height. Thus, after it first hits the floor, it reaches a height of 1.5 metres
before falling again, and after the second bounce, it reaches a height of 1.125 metres
before falling again.

(i) What is the maximum height reached after the third bounce? 1

(ii) What kind of sequence is formed by the successive maximum heights? 1

(iii) What is the total distance travelled by the ball from the time it was
first dropped until it eventually comes to rest on the floor?

2

� Example 40

[2003 2U]

(i) Find the limiting sum of the geometric series

2 +
2√
2 + 1

+
2

(√
2 + 1

)2 + · · ·

2

(ii) Explain why the geometric series

2 +
2√
2− 1

+
2

(√
2− 1

)2 + · · ·

does NOT have a limiting sum.

1

� Example 41

NORMANHURST BOYS’ HIGH SCHOOL The Exponential Function



36 Limiting sum – Examples

[2005 2U Q9] The triangle ABC has a right angle at B, ∠BAC = θ and AB = 6.
The line BD is drawn perpendicular to AC. The lineDE is then drawn perpendicular
to BC. This process continues indefinitely as shown in the diagram.

C B

A

6

θ
D

E

F

G

H

I

J

(i) Find the length of the interval BD, and hence show that the length of
interval EF is 6 sin3 θ.

2

(ii) Show that the limiting sum

BD + EF +GH + · · ·

is given by 6 sec θ tan θ.

3

� Example 42

The Exponential Function NORMANHURST BOYS’ HIGH SCHOOL



Limiting sum – Examples 37

[2014 2U HSC] At the beginning of every 8-hour period, a patient is given 10mL
of a particular drug.

During each of these 8-hour periods, the patient’s body partially breaks down the

drug. Only
1

3
of the total amount of the drug present in the patient’s body at the

beginning of each 8-hour period remains at the end of that period.

(i) How much of the drug is in the patient’s body immediately after the
second dose is given?

1

(ii) Show that the total amount of the drug in the patient’s body never
exceeds 15mL.

2

� Example 43

[2017 2U HSC Q16] (3 marks) A geometric series has first term a and limiting
sum 2.a

Find all possible values for a. Answer: 0 < a < 4

aNow an Extension 1 question

� Example 44
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38 Limiting sum – Examples

[1997 3U] X1 The triangle ABC is isosceles, with AB = BC, and BD is
perpendicular to AC. Let ∠ABD = ∠CBD = α and ∠BAD = β, as shown in
the diagram.

A C

B

D

β

αα

(i) Show that sin β = cosα. 1

(ii) By applying the sine rule in △ABC, show that sin 2α = 2 sinα cosα. 2

(iii) Given that 0 < α < π

2
, show that the limiting sum of the geometric

series

sin 2α + sin 2α cos2 α + sin 2α cos4 α + sin 2α cos6 α + · · ·

is equal to 2 cotα.

2

� Example 45

2 Ex 8H (Pender et al., 2009)

• Q3-6, 12-16 last column

• Q7, 10, 11

X1 Ex 6K (Pender et al., 1999)

• Q1-6 last column

• Q7 onwards

Î Further exercises

The Exponential Function NORMANHURST BOYS’ HIGH SCHOOL



Limiting sum – Application: recurring decimals 39

7.4 Application: recurring decimals

Express the repeating decimals

1. 0.27 2. 2.645

as infinite GPs, and use the formula for the limiting sum to find their values as
fractions reduced to lowest terms. Answer: 1. 3

11
2. 291

110

� Example 46

Formally in the legacy syllabus, and left here for application’s sake.
V Important note

2 Ex 8I (Pender et al., 2009)

• all questions

X1 Ex 6L (Pender et al., 1999)

• Q1-6 last 2 columns

Î Further exercises

NORMANHURST BOYS’ HIGH SCHOOL The Exponential Function
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